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Let a1 < n, < . . . be a seqence of positive integers uch that no ai is a sum of 
distinct other terms. ErdGs conjectured that if al > n, then Z 1 /ar < log 2 + r. , 
where, Q, --f 0 as n -+ ~0. This result, which is the best possible, is established in
this paper. 
1. INTRODUCTION 
A sequence tZ of positive integers with terms a, < a2 1.1 will be called sum- 
free if 
k-l 
ak # 1 Eiai with E+ = 0, 1. (1.1) 
i=l 
Erdos [l] has shown that if 0 is sum-free, then 
Although the constant 103 in (1.2) is not the best possible, the result is 
nevertheless precise in the following sense (as shown in [l]). Letf(k) be any 
function with f(k) -+ 00; then there is a sum-free sequence such that 
lx:k”=lf(~)/ak = co. 
Letting A(x) = Cok..l: 1 be the counting function of sequence G?, result 
(1.2) was obtained in [l] by showing that any sum-free aC must satisfy 
Results (1.2) and (1.3) are improved in [2, 31, where one finds that a sum- 
free a must satisfy the stronger inequality 
A(x) < k r 1 f ak (k = 1, 2,...; x 3 0). (1.4) 
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Using (1.4), it is shown in [3] that if ol is sum-free, C I/al, < 4. Here, the 
constant 4 is also not the best possible. In contrast to this last inequality, 
there are sum-free sequences with C l/as > 2.03 (see [2, 31). 
Now Erdiis [4] conjectured the following. Let a, < a, < *** be a sum-free 
sequence with a, > IZ, then C l/ax < log 2 + E* , where E, -+ 0 as II + co. 
The proof of this conjecture is the objective in what follows. More precisely, 
it is shown that if 6Z is any sequence satisfying (1.4), then C l/a, < log 2 + 
~J(a-l/~), where here and throughout a = 4 . It is easy to see that the constant 
log 2 in Erdiis’ conjecture is the best possible by taking a sum-free sequence 
whose initial 12 + 1 terms are IZ, n + l,..., 2n. (One can take the remaining 
terms to be s, 25, 4s, 8s ,..., where s = 1 + szo (n + i).) 
Actually, Erdiis’ conjecture remains valid for sequences satisfying inequali- 
ties far weaker than (1.4). However, this matter will not be considered here. 
2. THE BASIC INEQUALITY 
Inequality (1.4), due to O’Sullivan, is provided in [2, 31. However, the 
brevity of the proof and its pertinence to what follows suggests that it be 
included here for the sake of completeness. 
THEOREM 1. If 0 is sum-free, then 
4.4 < J& + Uk (k = 1, 2,...; x > 0). 
Proof. Let k be a positive integer and x a nonnegative real. We first 
prove that 
If A(x) < k, then 
and (2.1) easily follows. 
For A(x) > k, let IZ = A(x) and consider the integers 
b,, = i ui + a,, (p = 0, l,..., k; q = p + l,..., n). 
i=l 
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The number of integers b,, defined above is equal to N = (k + I)(n - k/2) 
and obviously 
0 -c b,, < b 9 (2.2) 
with p and q in the defined range. 
Now, the integers b,, are distinct. For suppose b,, = b,, withp < r. Then 
ap = i ai + a, 
i-p+1 
which violates sum-freeness unless p = r and q = s. The distinctness of the 
b,, , together with (2.2), implies 
~la,+a,=bk~~N=(k+1)(n-5). 
Hence, 
Inequality (2.1) then follows by observing that A(x) = n implies a, < x. 
Having established (2.1) and noting that ai < ak - (k - i) for i < k 
(which is true for any strictly increasing sequence) we obtain 
A(x) G k ; 1 + -j&-j- il cak - k + i) + $ 
k k =- ~ 
k;l+ 
- - 
k-l-1 
ak+k+l G k;l +ak 
(where k < ok is used in the last inequality). 
3. MAIN THEOREM 
The next theorem, when combined with Theorem 1, provides a proof of 
Erdos’ conjecture. Some of the central ideas in the proof originate in [l]. 
THEOREM 2. Let a, < a, < *** be a sequence of integers with counting 
function A(x) such that 
Acx) < k 9 1 + ak (k = 1, 2,...; x 3 0). (3.1) 
Then c& l/a, < log 2 + O(a-lf3). (Again, a = a, throughout.) 
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ProoS. For each integer r > - 1, let J, be the interval of integers 2’ < n < 
2++l, let N, = A(2’+9 - A(23, let p(r) = CahEJ, l/ak , and let t be such that 
a E Jt . We eaisly obtain the following: 
and 
Letting 
2t < a < 2t+1 , 
jl & = ; P(r), 
NT < 2’+l, 
p(r) < N$‘. 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
and 
d = {r 3 t 1 N, < 2(3~13)+3} (3.6) 
r = {r > t / N, > 2[2rl*)+3 (3.7) 
we may write (3.3) as 
(3.8) 
From (3.5), (3.6), and (3.2) we obtain 
,C, p(r) < zb -$ G 4 Ft 2-‘13 = O(a-1/3). (3.9) 
Now, let r, < r, < r, < a** be the integers in r, and let s = r, . Then 
s 3 max(t, 4), 
ri--r,>i-j (i >A, 
r$ai+s-1. 
(3.10) 
(3.11) 
(3.12) 
Inequality (3.10) follows from (3.7) and (3.4). Inequality (3.11) holds simply 
because the rt form a strictly increasing sequence of integers, and (3.12) 
results from (3.11) by letting j = 1. 
Focusing on a particular rj , let q = [2a7~/3]. Since r, E r, we obtain 
q < Nr, < A(2+j+l). Thus a, < 2rj+1 so that (using (3.5) and (3.1)) for any ri , 
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and 
p(ri) < 21-(2ril3) + p+7i-7ra 
Next, we partition r into the sets 
rl = {r E r 1 r < 4s/3}, 
r2 = {ri E r 1 ri > 4s/3, i < t>, 
r, = r - (r, u r2j. 
From (3.8) and (3.9), 
Now for ri E r, , letj = [i/2]. Then, from (3.12) and (3.10) 
rj > [i/2] + 3 > (i + 3)/2, 
and (3.11) provides 
ri - rj >, i - [i/2] > i/2. 
These last two inequalities together with (3.13) yield 
p(rJ < 2--i/3 + 21-(i/2) < 22-(i/3), 
Noting that r, E I’, implies i > t, we obtain 
.z p(rJ < C 22--(i/3) = 0(2-t/3) 
I 3 i>t 
and in view of (3.2), 
f(r) = W-l9 
3 
Next, inequality (3.13) with j = 1 becomes 
p(r,) < 21-(2d3) + 2l+cS-1'". 
Thus, using (3.10), (3.2), and the definition of r2 , 
rg p(r) < C 21-(2*/s) + 1 21+s-r 
a i<t T>48/3 
(3.13) 
(3.14) 
(3.15) 
= o(l t 1 . 2-2813 + 2-s/3) 
= O(u-2/s log@ + 1) + a-l/3). 
641/12/2-g 
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Hence, 
Now to estimate the main term xrfrI p(r) in (3.14), let 
P = 42”) + [pw)+~], 
b =a,, 
m = largest integer in r, . 
(3.16) 
(3.17) 
Then 
,c, 1 
which yields 
But from (3.17) 
(A(b) - A(Z”))/Z” = [2(2s/3)+2J/28 = 0(2--W) = cQ-W). (3.19) 
Next, noting that m < 4~13, p ,’ [2t”P)-@], and s > 4, it follows that 
Zmfif( p + 1) - p < 0. Thus, from (3.1) 
~(29 - A(b) G 21n+1/(p + 1) + a, - p < a, = b. (3.20) 
Inequality (3.20) says that in the last term of (3.18) we are summing the 
reciprocals of at most b distinct integers each of which exceeds b. But, 
generally, such a sum cannot exceed xb<,@b I/n (i.e., we replace each term 
of the sum by a larger reciprocal). Thus 
From (3.18), (3.19), and (3.21) we have 
Tz p(r) < log 2 + CW1/3). (3.22) 
1 
Finally, combining (3.14), (3.15), (3.16), and (3.22) we obtain the desired 
result, namely, C& l/a, < log 2 + 0(a-‘/“). 
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